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A comprehensive set of two-pomt integrals for Yang-Mills theories m the light-cone gauge 
delined in the Mandelstam-Leibbrandt prescription is evaluated and presented in tabulated 
form. ‘D 1987 Academic Press, Inc 

In a previous paper [l] a large set of two-point Feynman integrals encountered 
in one-loop computations of Yang-Mills theories in the covariant and axial gauges 
was evaluated using the method of analytic regularization [2] and presented in 
tabulated form. By two-point integrals we mean integrals with one external momen- 
tum that are most naturally associated with the vacuum polarization of two-point 
functions. Although a general description of the vacuum polarization of an n-point 
function calls for the evaluation of n-point integrals, it has been shown that, by 
judicious exploitation of symmetry, a knowledge of the relevant two-point integrals 
alone is sufficient to determine the one-loop counter Lagrangian which involves 
two-, three-, and four-point functions [-?I. 

Among the integrals given in Ref. [ 11 are those appropriate for the light-cone 
gauge [4] defined by the principal-value (PV) prescription [S]. The light-cone 
gauge is the special axial gauge [6] defined by a null vector n + , 

A.n, =A+ =O, n’, = 0, (1) 

and the PV prescription in this case defines the inverse of the quantity p + = p. n, 

as 

Lx lim ‘+ 
P+ ‘I-o+ (p+)2+Yj’ 

(2) 

Recently it has been shown unequivocally that the light-cone gauge prescribed 
by (2) is nonrenormalizable [7]. On the other hand, it has been demonstrated 
that the light-cone gauge is one-loop renormalizable [3] if p+ is defined by the 
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DIVERGENT FEYNMAN INTEGRALS 3q 

Mandelstam-Leibbrandt (ML) prescription [S] (p- = 17 ~ n ~, where M- is the null 
vector conjugate to II + ) 

In this paper we give the values of a comprehensive set of two-point light-cone 
gauge integrals based on (3). These integrals have become especially relevant 
following the recent realization [9] that superstring theories can be easily quantized 
only in the light-cone gauge. 

As in Cl], the integrals are evaluated via an analytic representation for the 
generalized two-point integrals 

xl=w+K+p+v, 11= 2p -p -/‘pp’, 

where K, p, 11, and /1 are continuous exponents, 20 is the continuous dimension of 
spacetime [lo], and G is a Meijer G-function [ 111. The derivation of (4) and its 
various simplifying special cases are given in detail elsewhere [3]. When Y is a non- 
negative integer and ;1= 0, (4) reduces to a representation identical to that for the 
PV prescription. When v ~0 the two prescriptions give different results. In 
particular, the ML prescription obeys the rule of power counting whereas the PV 
prescription does not. 

The integral (4) is ultraviolet (UV) divergent when the UV index x, satisfies 

a,=o+ti+p+r=integer30 r5) 

and is infrared (IR) divergent when either one or both of the conditions 

o+~++=integerdO 

0 + li + v = integer < 0 
(6) 

is or are met. The limiting process 

v, A. = (N, I,) integers, K, ,u = (K, M) integers + C, 

o=2+&, CT --f 0, E --f small 
(7) 

separates the UV and IR poles in (4) and preserves gauge invariance 1127. In the 
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tabulated results, UV poles are of 0(1/i,) and IR poles of 0(1/g,), where in the 
limit (7) 6” and P, have identical values, viz., 

Because in studies of quantum field theories the UV divergent part of vertex 
functions are usually of particular interest. the integrals to be tabulated will be 
classified according to the UV index, taking on all values within the range 

-2 6 cl, d 2. (9) 

With this classification, integrals have been evaluated for the following ranges of the 
(integer) esponents. 

-2<K< -1 

-2GMd2 

-2<N<2 (10) 

O<L<2. 

We remark that in the light-cone gauge integrals with A < 0 never occur. Note also 
that integrals with A= 0 and v > 0 are already given in Ref. [l], but for com- 
pleteness they will be given again here. So called “tadpole” integrals satisfying either 
or both of the following conditions 

Kao; 

p30 and 1’ 3 0 
(11) 

vanish in the limit (7). 
The integrals in Tables I and II for values of c(, running between -2 and 2, are 

TABLE I(A) 

[K, M, N, L]=J‘Sd~q((p-q)*)“(q’)“(q+).y(q-jL K= -2, x, = -2 

[ -2,o, -2,O] = - 1 + log 11 + liyo 

[I -2, -1, -1, O] =logu+ l/& 

[ -2, -2,o, O] = -2 + 2j& 
[ -2.0, -2, l] = -2 + log u + lj& 

L-2, -1. -1, I]= ~l+logrr+l;io+S2 
r-2, -2,O,l]= -1+1/e, 
C -2,O, -2, 2]= -j/2 + log u + liVo 

L-2, ~-1, -1,2]= -3~2++ogu+l.‘P,+2*S, 
[ -2, -2.0, 21 = -2 + I,@, 
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TABLE I(B) 

[K. M. N. L] =fSd?q((p-q)‘)K(q’)“‘(q+)’ (q-IL K= -2; uI = -1 

I-2.1, -2,O]= -l+logu+Ir+l:& I-2, -1,0,1]=-1+1,@, 
1-2.0. -l.o]=logu+l!~o I-2, -2. 1, l]= -?+l.:u+ l;Eo 
[ -2, -1,o. O] = l,‘& [ -2, 1, -2, 21 = -j/2 + log u + u + I;@, 
[ -2. -3, 1. O] = -1 + l!C, l-2.0. -1,2]= -3iz+logti+l:P, 
[ -2, 1, -2. 11 = -2 + log u+ u+ l,‘i, [ -2. -1, 0. 2]= -3,‘2 + l,Po 
L-3 0. -1, l]= -1+logu+l;‘~, [ -2, -2. 1. 21 = -5/Z. + 1,‘h + l,‘Cs, 

TABLE I(C) 

[K. :\I,.~f,,]=fSc/~q((p-q)‘)*(q:)2’(q+),V(q-~L K= -2, a,=0 

[ -2. 2. -7. O] = -1 + log u-372* log u+41r- 7u’,,2 + 1%,+ 1 fPf( -3u’) 
[ -2, 1, -1. O] = log u - 2u* log u + l;PO + l,,eT( -2~) 

[ -2, 0. 0, 0] = i.‘C,- l/C;, 
[ -2. -I, 1, O] = -1 + !,‘C” 
[ -7. -2, 2. O] = -2 + 1.‘;” 
[ -?,1, -2, l] = -?+log U-?u’* log u+3u-2&3+ l.‘G,+ l,P:( -2~‘) 
[-?,I. -1.!]=-1+log~r-3zt:2*logu+5z~,~4+liE,+IP~(-3u’2~ 

[ -‘,O, 0, l]= l’@,- yP, 
c-2. -1, 1, l] = -3’Z+ I.‘ui I.‘c;O+ 1;:py -1,,(2u)j 
[ -3. -2. 2. l] = -5.2 + 1;~ + l,:PO 
[ -2, 2. -2. 21 = -?2 + log II- 5u2!3* log u + 8u,,3 + llu’, 36 + l,,dcr + l;i:( -5u’:3) 
[ -3, 1. -1. 21 = -3’2flog u-4u;3* log u+ 16u.‘9+ I:@,+ I,,@;( -4rd3) 

[-2.0,0,2]=1~k0~1.:B, 
[ -2. -1. 1.2]= -11.6+ 13/(91r)+ l/Z,+ l,V:( -2,(3u)) 
[ -2. -2. 3. 21 = -17,6+5.(9u3)+4,‘(3u)+ l/P,+ l/c?:( -l;(3u2)) 

TABLE Ii D I 

CK,:CI.h’.L]=fJ‘d4q((p~q)‘)*(q2)’~(q+)”([1’~)L K= -2, M, = 1 

[ -2. 2. - 1, 0] = iog u ~ 6u* log u + 6u’* log u + 3~ - 2~’ + l:P, + lie :( -6at 6~~ 1 
[ -2, l,o. O] = I.P,- l,‘c?, 
[ -2. 0. 1, O] = l/L;,- i/i, 

[ -:, -1, 2. 0] = -3.‘2 + l;c?(, 
c--2,7, -1. l]= -1+logi~-4u*logu+IOu’/‘3*logu+4~r-28u”9 

+ l.‘P, + l/@T( -4u + lOu’:3) 
[ -3. 1.0, l] = 1 PO ~ I :P1 
l-2.0. 1, I>=!:&-l,‘c?, 

I-2. -1.2. l-j= -11:6+13,‘(9u)+1,‘~,,+1,‘~~( -2,(3u~) 
[ -2. 2, -1. 21 = -3/2 flog II- 1ou;3* log ut 5w.‘2* log u+43&9 -27d8 

+ l’P,f l:PT( -1ou~3+5u’i2) 
[ -2, 1.0. 2 j = 1 ‘go - ri, 
[ -2.0, 1. 21 = 1 :P, ~ l;P, 

[ -2. -1.2,2]= ~25.:12~4~(911’)+7.‘(3u)+l;P,+ l’P:(l,(6u’)-1:~) 
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TABLE I(E) 

[K, hf. N, L]=fSd4q((p-q)‘)g(q?~d’(q+)h (qm)L K=-?,a,=2 

TABLE II(A) 

CL bf,N, L1=JSd’q((p-q)“)K(q’)M(q+)“(q~)L K= -1, aL = -2 

[ -1, -1, -2, O] = u 
c-1, -2, -l,O]= -u*logIr-u+Y”Z” 
r-1, -1, -2,1]=u/2-u*(sz-2*s,) 
r-1, -2, -1, l]= -sz 
[ -1, -1, -2,2] =ui3-u*(J*S,-6*S,) 
[ -1, -2, -I,21 =2*&s--4*s1 

TABLE II(B) 

[K,~r,h!L]=/~d~q((p-q)Z)K(4~)W(ci.+)”(~-)L K= -1, a, = -1 

[ -l,O, -2, O] =u c-1, -2,o, l]=l 
[ -1, -1, -1, O] = -.s, [ -1, 0, -2, 21 = u/3 

[ -1, -2,o, O] = I& [ -1, -1, -1,2] = -sj 
[-l,O, -2, l]=ui2 [ -1, m-2,0, 21 = 1.‘2 

c-1, -1, -1, l]- -sz 

TABLE II(C) 

[K,iz~,N,L]=f~d”q((p-q)‘)K(qZ)~M(q+)’~(q-)L K= -1, a, =0 

[ -1, 1, -2,O] = -uz* log u + II - uy2 + l.!CT( -u’) 
[ -l,O, -1, O] = -u* log u+u+ l/vfy -u) 
c-1, -1,0,0]=2-l,!@, 
[ -1, --2, 1, O] = 1 
c -1, 1, -2, I] = -u2/2* log u + u/2 + uy12 + I/?:( -u’/2) 
[ -LO, -1, I] = --u/2* log 24 + 3u/4 + 1,&y -u/2) 
c-1, --LO, 11=1-1/2/i, 
c-1. -2, 1, lI= 1/2+ l/u+ l/ST( -1/(2u)) 
[ -1, 1, -2, 2.1 = d/3* log u + u/3 + 7u’/36 + I,‘::( -d/3) 
I-LO, -1, 21 = -u/3* log u + 1 lu/18 + l,le”f( -u/3) 
[ -1, -1, 0,2] = 13/18 - 1/3,‘e, 
I-1, -2, 1, 21= l/3 + 5/(9u) + I/;:( -1/(3u)) 
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TABLE II(D) 

[K, 44, F, L] =.rSd”q((p-q)‘)K(q’)“’ (q+ j,’ (qm)L K= -l,a,=l 

[ -1. 2. -2.01 = -3u’* log u + 4u’* log u + u - u’,‘2 - 2u”;3 + lG:( -3~~ + 4u3) 
[ -1. 1. -1, O]=: -u* logu+3u’,‘2* logu+u-51?:4+ I,‘@;( -1r+3~~,,3) 

I-I,O,O.O]-0 
[ -1, -1, 1, O] = 1 -1/2/i, 
[ -1. -2. 2, O] = I!‘?. 
[ -1. 2, -2. 1 ] = -4U’:3* log 11 + 5U3,‘3* iOg 14 + @ + 4u2.‘9 -41~~:36 + i.‘$:( -4u”.‘3 f 5u”.;3 j 
[ -1, 1. -1. l]= -u~?*logu+2u’i’3*log1c+3u,‘4-8u’,’9+1’~~(-u’2+7u’:‘3) 

c-1.0,0. l]=O 
r-1, -1. 1. l]= 13:18-4;(914)+ l,c’i:(-l,f3t 1:(6u)) 
[ -1, -2,2. l] = 1!‘3+5!(9u)+ I:;:( -1/{3tt)) 
[ -1, 2, - 2, 21 = -F&6* log 14 + u3* log u + rr,‘3 + 4lu’:7?. - 21u3f20 + l.G:( -5u*;6 + ii’) 
i-1, i. -1. 21 = -w3* logu+5zr’.‘12*log14+ ll~,‘l& lolu’;144+ I,@:( --24.:3+5u2,,12) 

[-1.0.0.2]-0 
[ -1, -1. 1. 2]==7.‘12-4,!(9uj+ l,@:( -1!4+ 1,‘(6u)) 
[ -1, -2. 1. 21 = 1 4 -4,(9~‘)+$‘(9u)+ l;M;(1.‘(6rr’)- 1 (311)) 

TABLE II(E) 

[m-l. 2, -1. 0] = --It* log u +4u:* log II- 1ol&3* log u+ u --414’+ 2w9 
-l’i:(i4-43u’+ lOZl’i3) 

r-1, I.@,Oj=O 

[-i.0, l,oj=o 

[-I, -1. 2.01 = 13.‘18- 1.,3/P, 
[ -1. 2, -1, I] = +,‘2* log u + 5u’,‘3* log u-5&J* log u + 31;,‘4 - 43u”i8 + 27~‘; 16 

+ l,‘iF( -u.‘Z + 5u3:3 - 5U’:‘4) 
I-1, 1.0, l]=O 
C-1.0. 1. l]=O 

[m-l. -1.2. 1]=7 12~~1~(9u)+l’P:(-l.‘l+l~(6u)) 
[ -1. 2. -1, 21 = -u/3* log II+ 14’* log u- 7u’.‘lO* log U+ liir.‘18 - 7~’ 4 + 23311’:200 

+ I.‘@:( -!Y3 + u: - 7u?lO) 
[-l.l,O,?]=O 
c-1,0. l.Z]=O 

[ -1. - 1.2,2] = 149’300 +23!(225u’)-41!‘(75u)+ l!@:l-1,5- 1 (3Ou’)+ l.(5t4)j 

labelled by their individual exponents. The integrals are normalized by the omissioc 
of a factor 

f= j( --71)(‘j (p’)“’ -.” (p+)” tp-)’ 412; 

so that with the exception of the two quantities l/C, and l/gi, they are functions of 
the single variable u = 2p +p /p2. The finite parts sometimes contain an infinite sum 
defined by 

It1 I 

s,, = $ 11 - 

,y+n .iogu-1tn ( 1 
(1:: 
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The generation of the tables from representation (4) was carried out on CDC com- 
puters using the algebraic programming code SCHOONSCHIP [ 131, and on-line 
editors. 

Finally, we remark that although (4) only applies to integrals with integrands not 
containing uncontracted Lorentz indices, any integral with indices can be 
straightforwardly reduced [3] to a linear combination of those without indices. It 
was shown in [3] that, for tensors of up to rank 4, the reduction is achieved by 
replacing tensor integrands as follows: 

q,q,qkqI + +(x -y2) p”(S,, 6,, + 2 symmetric terms) 

- f(x-.$)(~-4$) @‘(p,p, bkl+ 5 terms) 

+ (9 - by2 + 8y”) pzp,pIip/ 

qrq,qlk + y(s - ~7’) d*(h,p, + 2 terms) +y( -3x + 4~~) p,p-,pk 

q,q, + (.v-yl) 4’ 6,, + ( --I + 2y2) pIpI 

(II +4’P!, 

where 

jr?+-u)p* 

@5-3+2q+q- _ ’ 

“. ” + - @‘y-p q=p q +“,-, + - $[p’ + qJ - (p - q)2]. 

(154 

(15b) 

(15c) 

In conjunction with these relations, the expression (4) actually covers all two-point 
integrals (up to rank 4) that will ever need to be evaluated in the light-cone gauge. 
Integrals with integrands containing one-, two-, and three-component tensors have 
also been computed using (14) and tabulated for the same range of variables cited 
in (9) and (10). Because of space limitations they are not reproduced here, but are 
available elsewhere [14]. The computer code used to evaluate the integrals is 
completely general for any value of the indices K, p, 11, A 3 0 (and o if need be), and 
tensor integrands with up to 4 uncontracted Lorentz indices. 
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